A Fast Route to Modified Gravitational Growth by Baker, Tessa et al.
A Fast Route to Modified Gravitational Growth
Tessa Baker∗ and Pedro Ferreira†
Astrophysics, University of Oxford, Denys Wilkinson Building, Keble Road, Oxford, OX1 3RH, UK
Constantinos Skordis‡
School of Physics and Astronomy, University of Nottingham,
University Park, Nottingham, NG7 2RD, UK and
Department of Physics, University of Cyprus, Nicosia 1678, Cyprus
The growth rate of the large-scale structure of the universe has been advocated as the observable
par excellence for testing gravity on cosmological scales. By considering linear-order deviations from
General Relativity, we show that corrections to the growth rate, f , can be expressed as an integral
over a ‘source’ term, weighted by a theory-independent ‘response kernel’. This leads to an efficient
and accurate ‘plug-and-play’ expression for generating growth rates in alternative gravity theories,
bypassing lengthy theory-specific computations. We use this approach to explicitly show that f is
sensitive to a degenerate combination of modified expansion and modified clustering effects. Hence
the growth rate, when used in isolation, is not a straightforward diagnostic of modified gravity.
I. INTRODUCTION
The formation of large-scale cosmological structure is
acutely sensitive to the nature of gravitational collapse.
It has been argued that an accurate measure of the
growth rate, f(a), defined as
f(a) ≡ d ln ∆M (a)
d ln a
(1)
where ∆M (a) is the amplitude of the growing mode of
matter density perturbations, can be used to constrain
deviations from General Relativity (GR).
The method of choice for measuring f(a) (or equiva-
lently, f(z)) is through redshift space distortions [1–4].
The two-point correlation function of galaxies in redshift
space is both anisotropic and scale-dependent, due to two
competing effects: on small scales, the virialized motions
of galaxies dominate over the Hubble flow, resulting in
the elongation of the contours of the correlation function
along the line of sight – the fingers of god effect. On larger
scales, gravitational infall leads to a squashing of the con-
tours that is detectable on scales of 10− 30 h−1 Mpc.
There has been substantial progress in modelling this ef-
fect, both analytically [5, 6] and numerically [7, 8], and
a number of systematic effects (non-linearity, the role of
bias) have been studied. We will not discuss these diffi-
culties here (see [9] for further details); the focus of this
paper is what we can learn from a measurement of f(z)
once it has been extracted from the data.
The current observational status of f(z) is promising
and intriguing. The surveys of [10–14] have measured
the growth rate from z = 0.2 to z = 1.3 on a range of
scales, with errors of approximately 10-20%. These mea-
surements have provided decisive evidence for ruling out
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some extreme theories of modified gravity [15]. We will
show in this paper that other theories give rise to more
subtle signatures that still lie within current experimen-
tal error bars; however, this situation should change with
the next generation of galaxy surveys (see §V).
The growth rate is a particularly attractive observable
from a theoretical point of view. For a start, we expect to
measure it predominantly on scales where linear cosmo-
logical perturbation theory is valid. There is a battery of
well-seasoned techniques associated with linear pertur-
bation theory, and it is possible to adapt these for use
with nearly all modified gravity theories [16]. Extending
growth rate calculations to the mildly non-linear regime
is possible [8, 17] but still in its infancy; furthermore, the
reliance on theory-specific N-body simulations prevents
one from making general statements about the effects of
modified gravity on these scales.
A key advantage of f(z) is that the range of scales
probed is well inside the cosmological horizon, where the
quasistatic approximation can be applied (see [18] for a
detailed discussion). This means that the dependence
on extra degrees of freedom (an almost-inevitable fea-
ture of modified gravity) can be simplified and much of
the time-dependence of the gravitational field can be dis-
carded. As a result, the equations of motion for density
perturbations and the growth rate are easy to work with.
In this paper we wish to explore the power of the
growth rate as a probe of gravity. To do so, we first briefly
introduce the quasistatic approximation in §II, and then
use it in §III to derive a generalized evolution equation
for f(z). We show how, in the quasistatic regime, it
depends on: a) modified gravitational clustering proper-
ties, and b) modifications to the background expansion
history. In §IV we propose a simple and efficient method
for linking the observable quantity fσ8(z) to functions
parameterizing deviations from GR . In §V we discuss
the trade-off between the degree of agnosticism about
gravity a parameterization implements and the resulting
constraints on it from growth rate data. A particularly
convenient way of mapping specific gravity models onto
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2the formalism of this paper is to use the Parameterized
Post-Friedmann formalism [16]; we demonstrate this in
§VI by calculating a suite of examples. We discuss our
findings in §VII. The busy reader may like to focus on
§IV in particular.
II. THE QUASISTATIC REGIME
This paper focuses on gravitational collapse in the qua-
sistatic regime. This is defined as the range of length-
scales which are sufficiently large enough for linear per-
turbation theory to be accurate, but still significantly less
that the cosmological horizon length. This permits two
approximations to be made:
1. The consideration of significantly subhorizon scales
implies that, when working in Fourier space, terms
containing factors of H/k can be safely neglected.
2. On these spatial length-scales, the time derivatives
of scalar perturbations are negligible relative to
their spatial derivatives. Here ‘scalar perturba-
tions’ means both the usual gravitational potentials
and any new perturbations not present in GR (eg.
δφ for theories involving a new scalar field φ).
A careful discussion of these two features was presented
in [18], which we will not repeat here.
Whilst at first our use of the quasistatic approxima-
tions may may seem to limit the application of our work,
we emphasize that quasistatic scales dominate current
and near-future galaxy redshift surveys. Testing modified
gravity in the non-linear regime requires theory-specific
N-body simulations. As mentioned in the introduction,
these are only available for a limited handful of theories
at present [19–22].
An appealing feature of the quasistatic regime is that
it allows many theories to be packaged in a simplified,
generic form, as follows. Consider a gravity theory in-
volving a single additional scalar degree of freedom, eg.
Galileon gravity, f (R) gravity or scalar-tensor theories.
Perturbations of the scalar follow an equation of motion
which, schematically, has the form:
δφ′′ + 2H δφ′ + [k2 + a2m(a)2] δφ = S (a,Φ,Ψ) (2)
where the effective mass of the scalar is set by its po-
tential, m(a)2 = ∂2V (φ)/∂φ2, and the source term S
depends upon the specifics of the theory in question [46].
When the quasistatic approximations above are ap-
plied, eq.(2) reduces to an algebraic relation between per-
turbations of the scalar and the gravitational potentials:
δφ ≈ S (a,Φ,Ψ)
(k2 + a2m(a)2)
(3)
This relation can then be used to eliminate δφ from
the linearized gravitational field equations. Furthermore,
terms in the linearized field equations containing δφ˙ can
be dropped under point 2) above. One then finds that
the Poisson equation and the ‘slip’ relation between the
two metric potentials can be written in the form:
2∇2Φ = κa2 µ(a, k) ρ¯M∆M (4)
Φ
Ψ
= γ(a, k) (5)
where we have defined two time- and scale-dependent
functions, µ(a, k) and γ(a, k). Eqs.(4) and (5) can be
thought of as a simple parameterization of modified grav-
ity in the quasistatic regime: a theory corresponds to
a particular choice of functional forms for µ(a, k) and
γ(a, k). A more detailed derivation of these relations can
be found in §IVC of [16]; for some theory-specific exam-
ples see [23, 26].
The results presented in this paper should apply to
any theory for which the quasistatic reduction to eqs.(4)
and (5) is valid. This covers any model with a single
new scalar degree of freedom; note that this is not re-
stricted to only simple scalar field models. For exam-
ple, the spin-0 perturbations of a new vector field or
the Stu¨ckelberg field used to restore Lorentz invariance
to Hor˘ava-Lifschtiz gravity both act as scalar degrees of
freedom. We highlight that the entire broad family of
Horndeski models is subject to our analysis [23, 38, 39].
III. THE LINEAR GROWTH RATE IN
MODIFIED GRAVITY
We will begin our calculations by clearly laying out how
modifications to the gravitational field equations will af-
fect the evolution of the growth rate of density pertur-
bations, as defined in eq.(1). Consider the pressure-
less matter component of the universe. Small inhomo-
geneities in the energy density, δM , are defined through
ρM = ρ¯M (1 + δM ), where ρ¯M is the mean energy den-
sity. In the conformal Newtonian gauge the evolution
equations for the velocity potential θ (where the velocity
perturbation is vi = ∇iθ) and the gauge-invariant den-
sity contrast ∆ = δ + 3H(1 + ω)θ are:
∆˙M = 3(Φ˙ +HΨ)− θM
[
k2 + 3(H2 − H˙)
]
(6)
θ˙M = −HθM + Ψ (7)
Eq.(6) is derived by combining eq.(7) with the usual en-
ergy conservation equation for a pressureless fluid. We
use dots to denote derivatives with respect to conformal
time, and our conventions for the metric potentials are
displayed in the perturbed line element:
ds2 = a2(η)
[−(1 + 2Ψ)dη2 + (1− 2Φ)dxidxi] (8)
In what follows, we will sometimes suppress the argu-
ments of functions for ease of expression. We warn the
reader that ΩM should always be interpreted as a time-
dependent quantity; we will use ΩM0 to indicate the frac-
tional energy density in matter today.
3In the quasistatic regime (see §II) the k2 term domi-
nates eq.(6), so to a good approximation:
∆˙M ≈ −k2θM (9)
Differentiating this expression with respect to conformal
time and combining it with eq.(7) we obtain:
∆¨M +H∆˙M + k2Ψ ≈ 0 (10)
Combining eqs.(4), (5) and (10) and using the Friedmann
equation to express κa2ρ¯M = 3H2ΩM we obtain:
∆¨M +H∆˙M − 3
2
H2ΩMξ∆M = 0 (11)
where we have defined ξ ≡ µ/γ. The quantity ξ(a, k) will
appear frequently throughout this paper; it is equal to 1
in GR. For convenience we rewrite eq.(11) using x = ln a
as the independent variable:
∆
′′
M +
(
1 +
H′
H
)
∆
′
M −
3
2
ΩMξ∆M = 0 (12)
Primes denote derivatives with respect to x. It is help-
ful to convert this second-order equation for ∆M into a
first-order equation for the growth rate. Employing the
usual definition of eq.(1), we have f = ∆′M/∆M , and the
consequential result ∆′′M/∆M = f
′′ + f2. In terms of f
eq.(12) becomes:
f ′ + q(x) f + f2 =
3
2
ΩMξ (13)
where q(x) =
1
2
[1− 3ω(x)(1− ΩM (x)] (14)
We have introduced a free function, ω(x), acting as an
effective equation of state of the non-matter sector. The
unperturbed expansion history of any dark energy or
modified gravity theory can be written in the form of
the usual GR Friedmann equation with a new fluid com-
ponent, through a suitable choice of ω(x) [28, 29]. Also,
note that ξ can generally be a function of scale, so we
must allow for a possible scale-dependence of the growth
rate, f = f(x, k); this is a common property of modified
gravity theories which distinguish them from GR.
Whilst the growth rate is of prime importance, in prac-
tice one actually measures the density-weighted or observ-
able growth rate, fσ8(x, k), where σ8 is the root-mean-
square of mass fluctuations in spheres of radius 8 h−1Mpc
[30]. σ8 evolves with the same growth factor D(x, k) as
the matter overdensity, ie.:
σR(z)
σR(z = 0)
' D(z, k = 2pi
R
) =
∆M (z, k =
2pi
R )
∆M (0, k =
2pi
R )
(15)
where R = 8h−1Mpc. This will prove useful in §IV B.
IV. THE LINEAR RESPONSE APPROACH
We can assume that any viable theory of modi-
fied gravity must result in observables that match the
ΛCDM+GR model to a high degree of accuracy. We
then ask the question: what small deviations from
ΛCDM+GR are still permissible within the error-bars
of current and near-future experiments? We will answer
this question by considering linear perturbations about
the ‘background’ solution of ΛCDM+GR, which corre-
sponds to ω = −1, µ = γ = ξ = 1.
Our approach should not be confused with the stan-
dard cosmological perturbation theory of an FRW uni-
verse. We are already working within the context of
spacetime linear perturbation theory. We are now going
to perturb around ΛCDM+GR in model space by assum-
ing that the functions ξ and ω source small deviations
δf from the growth rate predicted by the ΛCDM+GR
model. We will see shortly that this an excellent approx-
imation to the full solution of the non-linear eq.(13).
For simplicity we will first investigate the impact of
these small perturbations in model-space on the (unob-
servable) growth rate f , before extending our treatment
to the observable fσ8 in §IV B.
A. The Response Function of the Growth Rate f
We begin by decomposing f into a zeroth-order part
and a perturbation. As stated above, the zeroth-order
solution is that of GR and hence is scale-independent,
but the perturbation may not be:
f(x, k) = fGR(x) + δf(x, k) (16)
Likewise we perturb ξ, ω and ΩM about their
GR+ΛCDM values by writing
ξ = 1 + δξ(x, k)
ω = −1 + β(x)
ΩM = Ω
(0)
M + δΩM (x) (17)
where Ω
(0)
M = ρ¯M/(ρ¯M + ρ¯Λ), and ρ¯Λ is the energy den-
sity of the non-matter sector in the zeroth-order ΛCDM
solution, ie. it evolves as a perfect fluid with equation of
state ω = −1. Substituting these expansions into eq.(13)
and equating first-order parts (and continuing to sup-
press some arguments for clarity):
δf ′ + qGR(x) δf + 2fGR δf =
3
2
Ω
(0)
M (x) δξ(x, k)
+
3
2
(1 + fGR) δΩM
+
3
2
(1− Ω(0)M )fGR β (18)
where qGR(x) =
1
2 [4− 3ΩM (x)]. In Appendix A we show
that:
δΩM = 3Ω
(0)
M (1− Ω(0)M )u(x) (19)
4where u(x) =
∫ x
0
β(x′)dx′ such that u(0) = 0. Using this
in eq.(18), we obtain:
δf ′ + qGR(x) δf + 2fGR δf =
3
2
Ω
(0)
M (x) δξ(x, k)
+
3
2
(1− Ω(0)M )
[
(1 + fGR)3Ω
(0)
M u+ fGRβ
]
(20)
It is more convenient to work with the fractional devia-
tion of the growth rate from the ΛCDM+GR prediction,
which we define as:
η(x, k) =
δf(x, k)
fGR(x)
=
f(x, k)
fGR(x)
− 1 (21)
In terms of this new variable (and using the zeroth-order
part of eq.(13)), eq.(20) becomes:
η′ + η
[
fGR +
3
2
Ω
(0)
M
fGR
]
=
3
2
Ω
(0)
M
fGR
δS (22)
where:
δS = δξ +
(1− Ω(0)M )
Ω
(0)
M
[
3 Ω
(0)
M (1 + fGR)u+ fGRβ
]
(23)
This first-order equation can be solved using an integrat-
ing factor, leading to the expression:
η(x, k) =
3
2
∫ x
−∞
Ω
(0)
M (x˜)
fGR(x˜)
δS(x˜, k) K(x, x˜)dx˜ (24)
where:
K(x, x˜) = exp
{
−
∫ x
x˜
dx¯
[
fGR(x¯) +
3
2
Ω
(0)
M (x¯)
fGR(x¯)
]}
(25)
We see that the solution for η(x, k) takes the form of
an integral over a ‘source’ term δS(x˜, k) and a ‘kernel’
K(x, x˜). Crucially, note that the kernel only depends on
the ΛCDM+GR background, meaning that it is theory-
independent and simple to calculate. Effectively, the
kernel acts purely as a weighting function. The entire
theory-dependence of the modified growth rate is encoded
in the source term δS(x, k) which at each moment in time
(or x) is a degenerate combination of δξ, β and u. This
makes clear how modifications to different parts of the
gravitational field equations propagate through to affect
the growth rate (see below).
As one might expect, we need to know the background
solution we are expanding about (due to the factors of
Ω
(0)
M and fGR) in order to solve for the deviation η(x, k).
The background solution is found by solving eq.(13) with
ξ = 1. In general this must be done numerically, but as
the computation is done in standard GR it is straightfor-
ward and rapid to calculate.
Let us interpret eq.(24) physically. It says that the
fractional deviation from fGR is an integral from early
times (x→ −∞) up to the time of observation. One
expects that an observer will be more sensitive to non-
GR behaviour occurring at times recent to him/her than
at high redshift. This sensitivity is encoded in the ker-
nel K(x, x˜): it gives an exponential suppression factor
depending on the interval between the time of the de-
viation from GR (x˜) and the time of observation (x).
For deviations occurring at the time of observation there
is no suppression, K(x, x) = 1. Causality imposes that
K(x, x˜) = 0 for x˜ > x; clearly observables cannot be af-
fected by deviations from GR that occur after the time
of observation.
We can also apply some physical interpretation to func-
tion δS (eq.(23)) that sources corrections to the GR
growth rate. It contains three contributing factors:
• The first term, δξ, can be interpreted as the modi-
fied clustering properties stemming from the mod-
ified Poisson equation (eq.(4));
• The second term, u(x) = ∫ x
0
β(x′) dx′, arises from
the modified expansion history ;
• The third term, β(x), describes the instantaneous
modified expansion rate, i.e. at the time that δS is
being evaluated.
It is important to note that the background expansion
rate of the universe contributes significantly to the mod-
ified growth rate, ie. f(z) is not solely a probe of linear
perturbations. The degeneracy between β and δξ was
also highlighted in [9]; the authors further considered the
Alcock-Paczynski-related issues that a non-ΛCDM back-
ground would pose for the extraction of fσ8(z) from a
galaxy power spectrum. The analysis of this paper has
instead focussed on how to best use the growth rate sig-
nal once we have it in hand.
We will put eq.(24) to use by considering some toy ex-
amples. These will illustrate the response of the growth
rate to arbitrary deviations from GR; they are not in-
tended to represent any particular theory of modified
gravity. Let us first consider a simple case where the
background expansion precisely matches that of a cos-
mological constant (i.e. β = 0), and only the behaviour
of perturbations is modified. Fig. 1 shows the fractional
deviation of the growth rate (defined in eq.(21)) triggered
by two forms of modifications to matter clustering: a
Gaussian and a cubic-order Taylor series in [1− Ω(0)M (x)],
where Ω
(0)
M (x) evolves as predicted by the ΛCDM+GR
model. In each case we have assumed a scale-independent
δξ, but one could construct a more complicated function
of k and consider Fig. 1 as snapshots at a given scale.
We see from the left panel of Fig. 1 that after a tran-
sient δξ source the growth rate gradually returns to its
GR value, decaying approximately as a−
5
2 for a rea-
sonably narrow Gaussian (the index can be inferred by
considering eq.(24) during a matter-dominated epoch).
The rate of return to GR is slightly suppressed at late
times when the background expansion starts to acceler-
ate, which acts to ‘freeze in’ perturbations.
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FIG. 1: Examples of how the growth rate is affected by different source terms in eq.(13), where δξ = ξ − 1. Effects on the
growth rate are expressed as a percentage deviation from the GR prediction, ie. η = f/fGR − 1. For the right-hand panel
δξ = 1 + 0.75
(
1− Ω(0)M
)
− 1.5
(
1− Ω(0)M
)2
+ 0.75
(
1− Ω(0)M
)3
.
Sustained modifications to GR such as those consid-
ered in the the right-hand panel of Fig. 1 lead to growing
deviations from fGR, and hence will generally be more
tightly constrained by data. For example, the cubic poly-
nomial shown results in a ∼ 6% effect on the growth rate
at z = 0, substantially larger than the sub-percent devi-
ations shown in the left-hand panel.
Note that there is a time lag between changes in δξ
and the response of the growth rate. For example, in
the right-hand panel of Fig. 1 the non-GR source begins
to die away after z ∼ 0.5, but η(z) has insufficient time
to follow suit. One could imagine generalizations of this
situation, in which GR is the correct description of our
universe today, but the effects of past non-GR behaviour
still persist for a limited time (such late-time changes in
the dynamics of the dark sector were explored in [31]).
One may justifiably ask what kind of error is intro-
duced by approximating eq.(13) as a linear equation. In
fact the error is extremely small for the situations we are
considering here. For an example with a ΛCDM back-
ground (such as the one shown in the left-hand panel of
Fig. 1), the full (non-linearized) evolution equation for
δf(x) = f(x)− fGR(x) given by eq.(13) has a solution
with the same form as eq.(24), but with a modified ker-
nel:
KFull(x, x˜) = exp
{
−
∫ x
x˜
dx¯
[
f(x¯) +
3
2
ΩM (x¯)
fGR(x¯)
]}
(26)
The first term of the integrand is now the modified
growth rate instead of fGR. That is to say:
K(x˜, x) = KFull(x˜, x) exp
[
−
∫ x
x˜
fGR(x¯)− f(x¯) dx¯
]
= KFull(x˜, x) exp
[∫ x
x˜
δf(x¯) dx¯
]
(27)
For the small deviations from ΛCDM+GR the exponen-
tial factor above is of order unity, so the linearized kernel
is a very good approximation to the real kernel for η. For
the examples shown in Fig. 1 the error on η(z) introduced
by linearizing the growth rate equation is ≤ 1%. We em-
phasize that here we are not talking about a 1% error on
the growth rate f(z); we are talking about a 1% error
on δf/fGR, a quantity that is itself a small percentage of
the growth rate.
B. The Response Function of the Observable
Growth Rate fσ8
Extending the linear response analysis of the previous
subsection to the observable growth rate, fσ8, is straight-
forward. We will continue to focus on scale-independent
modifications. Using eq.(15), the fractional deviation of
fσ8 from its value in GR is given by:
δfσ =
δ[f σ8](z)
fσ8|GR(z)
=
δf(z)
f(z)GR
+
δσ8(z)
σ8(z)|GR
6= η(z, k) +
δ∆M (z, k)
∆M (z)|GR (28)
where the first equality defines δfσ, and δ∆M is the devi-
ation of the gauge-invariant matter density perturbation
from its corresponding value in the ΛCDM+GR scenario.
We have already calculated the first term in the last line
above, so we now tackle the second. For convenience we
define a new symbol for this:
δ∆(z, k) =
δ∆M (z, k)
∆M (z)|GR (29)
By perturbing eq.(12) about the ΛCDM+GR model we
obtain:
δ′′∆ + δ
′
∆
(
1 +
H′
H + 2fGR
)
=
3
2
Ω
(0)
M δS(x) (30)
where δS is again given by eq.(23).
Eq.(30) can be solved for δ′∆ using an integrating fac-
tor, then integrated once more to obtain δ∆. Reversing
the order of the integrations allows us to write the solu-
tion in the form ‘source × kernel’, as we did for η in the
previous subsection:
δ∆(x, k) =
3
2
∫ x
−∞
Ω
(0)
M (x˜) δS(x˜, k) I(x, x˜) dx˜ (31)
where, as before, the kernel I(x, x˜) is a function of the
zeroth-order ΛCDM cosmology only:
I(x, x˜) =
∫ x
x˜
dy exp
[
−
∫ y
x˜
dx¯
(
2− 3
2
Ω
(0)
M (x¯) + 2fGR(x¯)
)]
(32)
and we have used the Friedmann equation for the GR
background en route.
Finally, using eq.(28) and the results of §IV A, the frac-
tional deviation of f σ8 from its ΛCDM+GR value can
be expressed in a Green’s function-like form:
δ[fσ8(x, k)]
fσ8(x)|GR =
∫ x
−∞
δS(x˜, k)G(x, x˜) dx˜ (33)
where the kernel G(x, x˜) is:
G(x, x˜) =
3
2
ΩM (x˜)
[
K(x, x˜)
fGR(x˜)
+ I(x, x˜)
]
(34)
and the factors K(x, x˜) and I(x, x˜) are given by eqs.(25)
and (32). Fig. 2 shows uses of this formula. The left-hand
panel shows the same case considered in the left panel of
Fig. 1, where δξ has a Gaussian form. Whilst η(z) de-
clined to zero, δfσ(z) settles to a constant. The difference
in behaviour arises from the second term of eq.(28), as
follows: during the time the source δS is ‘switched on’
the growth of density perturbations is either enhanced or
suppressed relative to the ΛCDM+GR case. When the
source switches off density perturbations return to grow-
ing at the GR rate, but their absolute value has now been
shifted from that of a pure ΛCDM+GR universe. This
shift is the constant term seen in Fig. 2.
The right-hand panel of Fig. 2 shows the effect of allow-
ing the background effective equation of state to evolve
too, ie. β(x) 6= 0. In this plot we have considered a CPL-
like equation of state, that is:
ω(a) = ω0 + ωa(1− a) (35)
but left the clustering properties of GR unaffected (ie.
δξ = 0). Clearly a realistic analysis would need to allow
both δξ 6= 0 and β 6= 0 simultaneously. We have treated
the two contributions separately here to compare them:
note that whilst the upper plots of Fig. 2 have roughly
the same peak amplitude, the right-hand panel shows a
much larger impact on fσ8(z). This is because fσ8 is
sensitive to a time-integrated effect (see eq.(33)), and an
evolving background equation of state constitutes a more
sustained source (δS) than the transient Gaussian shown
in the left-hand panel.
Eqs.(33) and (34) are a key result of this paper, so let
us summarize what has been achieved. Accepting that
the ΛCDM+GR model is an excellent description of the
universe at leading order, we have found a general way
to calculate the impact that modifications to the Gen-
eral Relativistic field equations have on the observable
growth rate of structure. All the modifications are en-
capsulated in a single function δS(x, k), which can be
matched to a specific gravity theory or constrained in a
model-independent, phenomenological manner.
We will see in §VI that for fully-specified gravity mod-
els δS(x, k) depends only on background-level quantities
of that theory, so there is no need to perform the full per-
turbation analysis. This represents a significant decrease
in the mathematical workload. Similarly, our formalism
bypasses the need to write a separate growth rate nu-
merical code for every gravity theory of interest; a sim-
ple background solver is enough (this usually amounts to
solving a few uncomplicated ODEs).
On a practical note, we re-iterate that the kernel
G(x, x˜) is a function of the zeroth-order ΛCDM cosmol-
ogy only, and hence is relatively simple to compute. It
only needs to calculated once and stored (as a function of
x and x˜) to allow rapid calculation with different source
functions. Furthermore, for the examples considered in
this paper, we have found our method is remarkably accu-
rate; the error on δfσ incurred using our linearized treat-
ment (instead of the exact calculation) is of order 2%
for the example shown in the left-hand panel of Fig. 2,
and of order 10% for the right-hand panel [47]. This is
equivalent to a small fraction of a percentage error on
fσ8(z) itself, well within the accuracies forecast for next-
generation galaxy surveys.
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FIG. 2: Lower panels show the fractional deviation of the density-weighted growth rate from its ΛCDM+GR model caused by
the source functions in the upper panels, see eq.(33). The left panel shows the same Gaussian considered in the left panel of
Fig. 1. The right panel shows the effect of an evolving background of the CPL variety, that is, ω(a) = ω0 + ωa(1− a). We have
fixed ω0 = −1, ωa = 0.05, which is equivalent to β(x) = 0.05(1− ex). Note that δS → 0 at high redshifts (not shown) since
Ω
(0)
M (z)→ 1 there (see eq.(23)).
V. PARAMETERIZATION VS. CONSTRAINTS
– THE TRADE-OFF
We now proceed to show how the formalism of the
previous sections be connected to galaxy redshift surveys.
Let us assume that we have measurements of δfσ (defined
in eq.(28)) from a survey in N redshift bins, with centers
xi (recall x = lna) and widths wi, where i = 1, . . . , N .
The first step is to discretize eq.(33):
δifσ =
i∑
j=1
[∫ xj+wj2
xj−wj2
G(x˜, x) dx˜× δSj
]
=
i∑
j=1
Gij δSj
(36)
δifσ and δSi are vectors containing the mean values of
δfσ(x) and δS(x) in each redshift bin; for the present we
will assume negligibly weak scale-dependence over the
range of interest (the linear regime). Gij is a triangular
matrix due to the causality requirement discussed in §IV.
Next we must consider how to choose the quantities
we wish to constrain. We will see below, as is often the
case with parameterized methods, that one must strike
a balance between the generality of the parameteriza-
tion and the size of the error-bars obtained on the pa-
rameters/functions involved. Inputting more information
(via, for example, constraint equations or specifying the
time/scale-dependence of free functions) will result in a
parameterization that is more tightly constrained but less
widely applicable.
We will investigate three degrees of parameterization:
• Full agnosticism – one simply constrains the
source function δSi in each redshift bin, where
i = 1, . . . , N .
• Compromise – one uses eq.(23) for δS and sup-
plies a functional form for δξ(x) and β(x). The
functional form used can be an approximation over
the redshift range relevant to the observations. Ef-
fectively, one is inputting some prejudices about
how we expect modifications to GR to evolve with
time, without being specific about the origin of
those modifications. In this case one constrains the
set of M parameters used in specifying the form of
δS(x). We will denote these collectively as {δξa},
where a = 1, . . . ,M .
• Model-specific – one uses the field equations of
a particular gravity theory to express δξ(x) and
β(x) in terms of the Lagrangian parameters of that
theory. We will denote the Lagrangian parameters
to be constrained by {λy}, where y = 1, . . . , R.
We assume a multivariate Gaussian likelihood with
mean zero for the deviation of the density-weighted
growth rate measurements from ΛCDM, that is:
lnL = − ln
[
(2pi)N/2
N∏
i=1
σifσ8
]
− 1
2
χ2 (37)
where χ2 =
N∑
i=1
(
fσi8,ΛCDM − fσi8, th
)2
(σifσ8)
2
(38)
fσi8, th is the density-weighted growth rate in bin i pre-
dicted by a modified gravity theory, and (σifσ8)
2 is the
8experimentally-determined variance on fσ8 in that bin.
First consider constraining a ‘fully agnostic’ parame-
terization. Using the standard formalism of Fisher ma-
trices, the inverse covariance matrix for the δSi is given
by:
(CδS)−1ij = F
δS
ij = 〈∂δSi∂δSjχ2〉 (39)
=
〈
N∑
k=1
1(
σkfσ8
)2 ∂(fkσ8, th)∂ δSi ∂(f
k
σ8, th
)
∂ δSj
〉
(40)
To obtain the derivatives above we make use of eq.(36):
fσk8, th = fσ
k
8,ΛCDM + δfσ
k
8 (41)
= fσk8,ΛCDM
1 + N∑
j=1
Gkj δSj
 (42)
⇒ ∂(f
k
σ8, th
)
∂ δSi
= fσk8,ΛCDM Gki (43)
Using eq.(43) in eq.(40) and defining:
σ˜kfσ8 = σ
k
fσ8/fσ8,ΛCDM (44)
we obtain:
F δSij =
N∑
k=1
1
(σ˜k)2
GTikGkj (45)
For this simplified analysis we will neglect correlations
between the redshift bins of our survey. Then, by defining
the diagonal covariance matrix Σij = 1/(σ˜
k)2 δij , we can
rewrite eq.(40) in matrix form:(
CδS
)−1
= FδS = GT Σ G (46)
Inverting Fδξ yields the covariance matrix of interest.
Fig. 3 shows a representative example for the constraints
on δS as a function of redshift obtained using a next-
generation RSD survey. The results are surprisingly un-
informative – an input ∼ 1% error on measurements of
fσ8 has resulted in a ∼ 10% error on δS (at 1σ confi-
dence).
Now let us investigate what happens when we impose
more restrictions on the parameterization. Let us con-
sider the simplest possible example of a ‘compromise’
parameterization, in which we take the functions δξ(x)
and β(x) to be approximately constant over the redshift
range of interest. Using eq.(23) we then have:
δS = δξ0 + α(x)β0 (47)
where δξ0 and β0 are constants and:
α(x) =
(
1− Ω(0)M
)
Ω
(0)
M
[
3 Ω
(0)
M x (1 + fGR) + fGR
]
(48)
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FIG. 3: Forecast constraints on δS for a typical next-
generation galaxy survey, where δS sources deviations from
the GR growth rate (see eq.(23)). The contours shown repre-
sent 1σ and 2σ uncertainties.
The covariance matrix for the parameters δξa = {δξ0, β0}
is given by an expression analogous to eq.(40), but with
the derivatives now being taken with respect to the pa-
rameters {δξa}. The chain rule allows us to rewrite this
as:
(Cδξ)−1ab = F
δξ
ab (49)
=
〈
N∑
k=1
N∑
i=1
N∑
j=1
1(
σkfσ8
)2 ∂δSi∂ δξa ∂(f
k
σ8, th
)
∂ δSi
∂(fkσ8, th)
∂ δSj
∂δSj
∂ δξb
〉
(50)
Repeating steps similar to the fully agnostic case, we
reach the matrix expression:(
Cδξ
)−1
= Fδξ = PTGT Σ G P (51)
where P is the N ×M Jacobian matrix Pia =
[
∂δSi
∂ δξa
]
.
For the example of eqs.(47) and (48) this is simply
P =

1 α1
1 α2
...
...
1 αN
 (52)
where αi are discretized values of α(x) (from eq.(48)),
evaluated at the midpoint of each redshift bin. Fig. 4
shows the constraints obtained on the model of eq.(47)
using the same representative next-generation RSD sur-
vey as Fig. 3. The plot makes plain the benefit of combin-
ing growth rate measurements with probes of the back-
ground expansion rate. If β0 is left free, we have a de-
generacy between positive values of β0 – which make the
9FIG. 4: Constraints on the simplest example of a ‘compro-
mise’ parameterization (described in the text) using a next
generation RSD survey. β0 is a (constant) deviation of the
equation of state from −1. δξ0 encapsulates the novel clus-
tering properties of a non-GR gravity theory. The contours
shown represent 1σ and 2σ uncertainties.
effective dark energy sector more important at earlier
times, suppressing structure formation – and positive val-
ues of δξ0 (which enhance structure growth). However, if
we can pin ω = −1 to 1% accuracy using other data, we
can achieve similar ∼ 1% constraints on deviations from
GR.
Finally we consider a model-specific analysis, where
the situation becomes a little more subtle. The quanti-
ties {δSi} and {δξa} were related by a linear transforma-
tion, which preserves the (assumed) Gaussian nature of
the joint probability distribution for either set of param-
eters. This enabled us to move straightforwardly from
eq.(40) to eq.(50) via the chain rule. However, in general
the parameters {δξa} will not be linearly related to the
model-specific Lagrangian parameters {λy}. This means
that we cannot assume a Gaussian probability distribu-
tion for the parameter set {λy}, and it would be risky to
continue applying a Fisher matrix analysis.
Instead we will make use of the normalized probabil-
ity distribution that we have already obtained for the
‘compromise’ parameterization. We re-express the (non-
constant) δξ(x) and β(x) in terms of the Lagrangian pa-
rameters of a particular theory (one way to do this is via
the PPF formalism, see §VI). The elements of the co-
variance matrix for {λy} can then be calculated directly,
ie.
Cλ =
∫
. . .
∫
dλy dλz . . . dλR×
1
n
λyλz exp
[
−1
2
~uT (λ) Fδξ ~u(λ)
]
(53)
where n is a normalization factor. ~u(λ) is a column vector
Theory Parameter Fiducial value 2σ
Brans-Dicke 1/ωBD 0.0 4.19× 10−4
Einstein-Aether
c1 0.0 0.551
c3 0.0 4.312
α 0.0 0.606
DGP 1/ (r˜cH0) 0.0 0.004
TABLE I: Constraints obtained on model-specific Lagrangian
parameters for three example theories, using the procedure
described in §V.
of length 2N ; it holds the expressions for of δξ(x) and
β(x) in terms of the parameters {λy}, evaluated in each
redshift bin.
Table I gives some examples of model-specific con-
straints obtained using eq.(53) and the same survey spec-
ifications as Figs. 3 and 4. The relevant expressions
for these theories are given in §VI. It is difficult to ex-
actly quantify the results of Table I as percentages since
these parameters are all zero in the GR limit (compare to
δS, δξ and β, which we know to be perturbations about
quantities that are of order unity in GR).
However, one generally obtains tighter constraints
than those of the agnostic or compromise parameteri-
zations, because model-specific expressions severely re-
strict how fσ8(z) is allowed to evolve from one redshift
bin to the next. We now see the aforementioned trade-
off between generality and constraining power at work.
As we added more information into the analysis, mov-
ing from fully agnostic → compromise → model-specific
cases, our 2σ constraints decreased. Hence an advantage
of the formalism presented in this paper is its flexibility:
the user can choose where they would like to position
themselves on the sliding scale of generality versus con-
straining power.
As a final comment, our formalism makes it clear
that parameters will always be degenerate within a sin-
gle redshift slice of a survey. Let us define the ma-
trix A = PTGT , so that eq.(51) can be written as
Fδξ = A Σ AT . If we only have one redshift bin, this
becomes:
Fδξ =
1
σ˜2fσ8
~A ~AT (54)
where ~A denotes a column of A and ~A ~AT is an outer
product. It can be shown that the matrix formed by tak-
ing the outer product of a vector with its transpose is
always singular (the reader may like to briefly consider
any two-dimensional example). The singularity of Fδξ
in this case implies that one of its eigenvectors has the
eigenvalue zero. This is equivalent to a direction of com-
plete degeneracy in the parameter space of {δξa}.
This situation is rectified by combining different red-
shift bins. Eq.(55) then becomes a sum, which prevents
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the singularity of the matrix Fδξ:
Fδξ =
N∑
k=1
1(
σ˜kfσ8
)2 ~Ak ~Ak T (55)
where ~Ak denotes the kth column of A. Eq.(55) is equiv-
alent to eq.(51).
VI. DERIVING δξ AND β FROM THE
PARAMETERIZED POST-FRIEDMANN
FORMALISM
In this paper we have aimed to keep our treatment
of modified gravitational growth as theory-independent
as possible. So far we have required only that the qua-
sistatic approximation be valid for some range of scales,
and made use of the widely-applicable quasistatic equa-
tions (4) and (5). Nevertheless, one may often be in-
terested in testing a particular gravity theory. In this
section we describe how fully-specified theories map onto
our general formalism. We will do this first of all by using
the Parameterized Post-Friedmann framework (PPF) of
[16] (not to be confused with a different work of the same
name by other authors [32]). However, we stress that it
is not obligatory to use PPF to apply the earlier results
of this paper.
A. The Quasistatic Limit of PPF
PPF, inspired by the well-established Parameterized
Post-Newtonian formalism (PPN) [33–35], is a frame-
work for model-independent tests of deviations from the
field equations of GR using cosmological data. It de-
scribes the mathematically possible extensions of the lin-
earized field equations (modulo some very mild restric-
tions, see [16]) in terms of a set of redshift-dependent
functions. This set of functions acts as a cosmological
analogy to the set of ten PPN parameters: different the-
ories of modified gravity correspond to different specifi-
cations of them. And just like the PPN parameters, they
can be constrained by calculating observable quantities
and comparing to data.
The quantity ξ = µ/γ that appears in eq.(13) can be
written in terms of the PPF coefficient functions. For the
present we will consider theories which:
a) contain no higher than second-order time derivatives
in their equations of motion (a generic, but not
absolute, stability criterion [36]);
b) contain one new non-GR degree of freedom, which we
denote by χ (this could be a spin-0 perturbation of a
new field, for example).
The quasistatic form of the PPF field equations in the
conformal Newtonian gauge is:
−a2δG00 = κa2GρMδM +A0k2Φ + α0k2χˆ (56)
−a2δG0i = ∇i
[
κa2GρM (1 + ωM )θM +B0kΦ + β0kχˆ
]
(57)
a2δGii = 3κa
2GρMΠM + C0k
2Φ + γ0k
2χˆ (58)
a2δG˜ij = κa
2GρM (1 + ωM )ΣM +D0Φ + 0χˆ (59)
where δG˜ij = δG
i
j − 13δij δGkk and Dij = ~∇i~∇j −
1/3δij ~∇2. Linear pressure perturbations are denoted by
δPM = ρMΠM and ΣM is an anisotropic stress pertur-
bation, which we will neglect hereafter. The hat over χˆ
indicates that it is a gauge-invariant combination of per-
turbations constructed using the algorithm of [16], ie. it
contains both χ and metric perturbations.
The alphabetic and Greek coefficients in eqs.(56)-(59)
are not constants; they are functions of time and scale,
but we have suppressed those arguments here for clarity.
These are the PPF coefficients that one maps a theory
of gravity onto. In fact, the scale-dependence of these
functions is fixed [16, 18, 37], so they can be considered
purely as functions of time.
For many theories the equation of motion (hereafter
e.o.m.) of χ corresponds to a conservation equation
[48]. This includes scalar-tensor gravity, quintessence,
Einstein-Aether theory, Hor˘ava-Lifschitz gravity and the-
ories which fall into the Horndeski class [23, 38–40].
When expressed in terms of the PPF coefficients, the
quasistatic limit of the e.o.m. for χ is:
χˆ [α˙0 + kβ0] + Φ
[
A˙0 + kB0
]
= 0 (60)
Combining eq.(60) with eqs.(56) and (59), the connection
between the quasistatic {µ, γ} parameterization and the
PPF functions is:
µ(z, k) ≈
{
1 +
A0
2
− α0
2
(
A˙0 + kB0
α˙0 + kβ0
)}−1
(61)
γ(z, k) ≈
{
1−D0 + 0
(
A˙0 + kB0
α˙0 + kβ0
)}−1
(62)
The authors of [18] recently derived a result relating the
two quasistatic functions {µ, γ} for the Horndeski class of
theories. When converted into our notation, their result
is equivalent to the statement that the numerator of µ
must be equal to 1, which is manifest in eq.(61).
Below we give some examples of the modified clustering
and background functions, δξ and β, that were utilized in
§III and §IV. Although eqs.(61) and (62) were derived for
theories with only one non-GR degree of freedom, more
complicated theories can still be mapped onto specifica-
tions of δξ and β under the quasistatic approximation.
However, they need to be treated on a case-by-case basis
rather than via eqs.(61) and (62) – see the example of
DGP below.
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We should also highlight an interesting subtlety here
with regards to the popular family of f (R) models.
It is often assumed that any results pertaining to
scalar-tensor theories automatically incorporate f (R)
gravity, since a conformal mapping exists between
the two classes of theories. Whilst this is true at the
action level, the perturbed e.o.m.s for the new degree of
freedom derived from their actions are not equivalent.
The e.o.m. of scalar-tensor theory is a conservation
equation of the kind described above [49]; the e.o.m.
for the ‘scalaron’, δfR originates from the trace of the
f (R) gravitational field equations. Hence eqs.(61) and
(62) do not apply to f (R) gravity. Nevertheless we
can still take the quasistatic limit of the theory, see below.
B. Examples
Here we present some examples for the clustering func-
tion δξ and the background modification β. The relevant
actions and references can be found in [16]. Note that all
the expressions below are functions of the modified cos-
mological background only, making them relatively sim-
ple to evaluate.
We also highlight that δξ is scale-independent in all
the cases presented here, except possibly scalar-tensor
theory, where it depends on the choice of potential
V (φ). We will not impose the requirement that the
modifications to the field equations are the sole cause of
acceleration. For example, we treat the ‘normal branch’
of DGP gravity, which requires a cosmological constant
in addition to the brane-based modifications.
Scalar-Tensor Theory
δξST (a, k) = −1 +
[
φ+
φ˙
H −
Y
Z
]
×
[
φ+
1
2
(
1− a
2
k2
V ′(φ)
)(
φ˙
H −
Y
Z
)]−1
(63)
where Y =
a2
k2
V ′(φ)
(
φ¨
H −
H˙
H φ˙
)
+
φ˙2
H
a2
k2
V ′′(φ)
+ φ˙
(
ω(φ) φ˙
Hφ − 3
)
(64)
Z =
a2
k2
(
V ′′(φ)φ˙+ 2HV ′(φ)
)
+ ω
φ˙
φ
−H (65)
βST (a) =
2(H2 − H˙)(1− φ) + ω(φ) φ˙2φ + φ¨− 2Hφ˙
3H2(2− Ω(0)M0 − φ) + 12ω(φ) φ˙
2
φ − 3Hφ˙+ a2 V (φ)
(66)
The scale-dependence of δξ in this case has arisen because
we have been careful not to make any assumptions about
the form of the potential V (φ). It is likely that once a
form is chosen for V (φ) further terms can be dropped
due to the quasistatic approximation.
Brans-Dicke Theory
In the Brans-Dicke case of scalar-tensor theory
(ω=constant, V (φ) = 0) eq.(63) simplifies considerably:
δξBD(a) =
[
φ+
φ˙
H −X
]
×
[
φ+
1
2
(
φ˙
H −X
)]−1
− 1
(67)
where X =
φ˙
H
(
ωBDφ˙
Hφ − 3
)
(
ωBDφ˙
Hφ − 1
) (68)
Applying the condition ωBD  1 (note that GR is re-
covered in the limit ωBD →∞) we have approximately:
δξBD(a) ∼ 1
ωBD
(69)
The expression for βBD can be trivially obtained by sub-
stituting the conditions ω = ωBD, V (φ) = 0 into eq.(66).
f (R) Gravity
We define the f (R) action such that the GR limit is given
by f (R) = R. Then:
δξfR(a) =
4
3
(
1
fR
− 1
)
(70)
βfR(a) =
2(H2 − H˙)(1− fR) + f¨R − 2Hf˙R
3H2(1− fR)− 3Hf˙R + 12a2(RfR − f (R))
(71)
where fR = d f (R) /dR.
Einstein-Aether Theory
δξAE(a) = −
[
α− (c1 + c3) H˙H2 + c1
(
H˙
2H2 − 1
)]
α− 1 + c1
(
H˙
2H2 − 1
) (72)
βAE(a) ≈ α
2
(
1
(1− Ω(0)M )
− 1
)
(73)
where ci are parameters of the theory, α = c1 + 3c2 + c3,
and we have assumed α  1. This last condition is
necessary to prevent extreme modifications to the effec-
tive gravitational constant that are already ruled out by
present data.
DGP
We consider here the ‘normal’ branch of DGP, since the
self-accelerating branch suffers from ghostly pathologies
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[41, 42], and is essentially ruled out by present data [43].
δξDGP (a) =
1
3
[
1 +
2
3
Hr˜c
(
2 +
H˙
H2
)]−1
(74)
βDGP (a) =
1
3Hr˜c
1
(1− Ω(0)M )
(
H˙
H2 − 1
)
(75)
r˜c = rc/a is the comoving crossover scale.
Horndeski’s Theory
Even in the simplified quasistatic limit, the relevant
expressions for Horndeski’s most general second-order
scalar-tensor theory are non-trivial. Therefore we have
chosen to relegate them to Appendix B, borrowing heav-
ily from the results of [25, 26].
VII. CONCLUSIONS
We need to ready our tools for extracting the maxi-
mum amount of information from the next generation of
large galaxy surveys. In this paper we have presented
one such tool: a powerfully general and efficient method
for calculating the density-weighted growth rate, fσ8(z),
in modified gravitational scenarios. Our formalism by-
passes the need for lengthy theory-specific calculations
or multiple theory-specific growth rate codes.
Working at the level of linear perturbation theory, we
have found that the response of the growth rate to depar-
tures from GR can be written as a Green’s function-like
integral over two contributions, a source term and a ker-
nel. The source term depends on the deviations from GR
under consideration; it encodes how modifications to the
clustering of matter and the expansion rate both affect
fσ8(z). The kernel is the same in all situations: it de-
pends only on the properties of ΛCDM+GR, and acts
as a weighting factor. It controls the extent to which
the growth rate at a given redshift is affected by earlier
non-GR behaviour.
As a result of expressing our calculation this way, we
are able to clearly identify the degeneracy between the
conventional source of modified gravity effects (the mod-
ified Newton-Poisson equation and the ‘slip relation’,
eqs.(4) and (5)) and changes to the background expan-
sion. While measurements at different redshifts can help
to mildly break this degeneracy, it is clear from our re-
sults that, contrary to what is usually claimed, measure-
ments of the growth rate are simply not enough to dis-
tinguish modified gravity theories from models of dark
energy. Geometric measures will play a crucial role in
breaking this degeneracy.
From a practical point of view, our formalism has sev-
eral modus operandi. The conventional approach is to
constrain the Lagrangian parameters of a fully-specified
gravity theory. Using the formulae presented in this pa-
per removes the need to calculate (both analytically and
numerically) the perturbation theory for every gravity
model of interest. Alternatively, one can turn the usual
approach around, instead using the data to ascertain the
departures from GR that are still allowable. This infor-
mation can then be used to guide the development of new
theories.
However, remaining agnostic about gravity when
analysing the data incurs different penalties. It seems
that the best option is to find a compromise between
the generality of a parameterization and the usefulness
of the constraints obtained. This kind of balancing act
occurs frequently in model-independent analyses (for an-
other example see [44]).
There remain a number of systematic effects to be mas-
tered before growth rates can be used to make decisive
statements about gravity theories; our exclusively linear
formalism does not provide insight into these. It has been
argued that the statistical scatter between current mea-
surements of the growth rate is somewhat smaller than
one might expect from the error bars cited [45], point-
ing to the need for a clear and accurate understanding
of the systematic effects at play. Likewise, our linear for-
malism does not capture any novel nonlinear phenomena
that might be present in an underlying theory, such as
screening mechanisms.
A logical extension of the work presented here would
be to determine whether similar Green’s function-like ex-
pressions can be derived for other relevant quantities,
such as weak lensing shear and cross-correlations of the
Integrated Sachs-Wolfe effect. That is, can we develop
a simple plug-and-play toolbox for generating modified
gravity observables? Such an item would be invaluable
for observers working with fresh data, allowing them to
make rapid analyses of gravity theories without being
overburdened by model specifics.
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Appendix A: Perturbation of ΩM (x)
Here we derive the relation eq.(19).
First observe that the general fluid evolution equation:
ρ′ = −3ρ (1 + ω(x)) (A1)
has the following solution, where we write
ω(x) = −1 + β(x):
ρ(x) = ρ(0) e−3
∫ x
0
β(x′) dx′ (A2)
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Now consider two universes. The first is a perfect
ΛCDM model. In the second universe, the non-matter
sector is not a true a cosmological constant; there is a
modification to gravity that can be recast in the form of
a perfect fluid with an evolving equation of state [28, 32].
Recall that nearly any gravity theory can be written in
this form, even if the expression for the effective equation
of state is extremely complex. Observational viability re-
stricts that the equation of state can only differ from −1
by a small amount, ie. β in eq.(A2) must be small for all
x.
In the first universe we have:
ΩM (x) =
ρM (x)
ρM (x) + ρΛ0
=
1
1 +Re3x
(A3)
where we have used ρM (x) = ρM0e
−3x and defined
R = ρΛ0/ρM0. In the second universe, denoting the en-
ergy density of the effective fluid by ρ˜X(x) and analo-
gously defining R˜ = ρ˜X0/ρ˜M0:
Ω˜
(0)
M (x) =
ρ˜M (x)
ρ˜M (x) + ρ˜X(x)
=
1
1 + R˜ exp
[
3x− 3 ∫ x
0
β(x′)dx′
] (A4)
where we have used eq.(A2).
We are interested in the small perturbation to the mat-
ter fraction ΩM (x) that results from perturbing about a
ΛCDM universe. This is given by the difference between
eqs.(A3) and (A4). Since β is small at all times we can
expand:
e−3
∫ x
0
β(x′)dx′ ≈ 1− 3
∫ x
0
β(x′)dx′ = 1− 3u(x) (A5)
where the last equality defines u(x). Furthermore, we
argue that R = R˜, because the ratio of the non-
matter energy density to the matter energy density is
an experimentally-determined quantity. Whether we are
living in the ΛCDM or non-ΛCDM universe, we would
simply measure one value for this ratio and call it R.
Collecting expressions then, we have:
δΩM (x) = Ω˜M (x)− Ω(0)M (x)
=
1
1 +Re3x[1− 3u(x)] −
1
1 +Re3x
≈ 3Re
3x u(x)
[1 +Re3x]2
= 3u(x)Ω
(0)
M (x)
(
1− Ω(0)M (x)
)
(A6)
where the last step uses eq.(A3) to eliminate Re3x in
favour of Ω
(0)
M . This is the result stated in §IV A.
Appendix B: Deviation Source Term for Horndeski’s
Theory
Given the complexity of the Horndeski Lagrangian
[23, 38, 39], it is beyond the scope of this paper to carry
out the intricate reduction to the quasistatic limit. For-
tunately, this calculation has recently been presented in
[25, 26], from which we adopt results. The calculation
first appeared in [25] (see [24] for very closely-related
work). However, the notation of [26] is closer to that
used in this paper, so we will use this as our source.
In the expressions below M¯i are parameters and
Ω(η), Λ(η) and c(η) are functions of conformal time that
appear in the Lagrangian of the Effective Field Theory of
Dark Energy – we refer to [26, 27] for precise definitions.
MP is the Planck mass. The notational equivalence be-
tween metric potentials used in this paper and [26] is
Φ ≡ ψ, Ψ ≡ φ. We have also converted the expressions
of [26] from physical time to conformal time.
βHD(a) =
2(H2 − H˙)(1− Ω) + 2M−2P a2 c+ Ω¨− 2HΩ˙
3H2(2− Ω(0)M0 − Ω) +M−2P a2 [2c− Λ]− 3HΩ˙
(B1)
δξHD(a) =
BpiCΦ −BΦCpi −BΦCpi2 a2k2
AΦ
(
BΨCpi +BΨCpi2
a2
k2 −BpiCΨ
)
+Api (BΦcΨ −BΨCΦ)
(B2)
where:
AΦ = 2(M
2
PΩ + M¯
2
2 ) Api = −(M2P
Ω˙
a
+ M¯31 ) (B3)
BΦ = −1 BΨ = 1 + M¯
2
2
ΩM2P
(B4)
Bpi =
Ω˙
aΩ
+
M¯22
ΩM2P a
(
H+ 2
˙¯M2
M¯2
)
CΦ = M
2
P
Ω˙
a
+
M¯2
a
(
H+ 2
˙¯M2
M¯2
)
(B5)
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CΨ = −M
2
P
2
Ω˙
a
− M¯
3
1
2
Cpi = c− M¯
3
1
2a
(
H+ 3
˙¯M1
M¯1
)
+
M¯22
a2
(
2H2 − H˙+ 2H
˙¯M2
M¯2
)
(B6)
Cpi2 =
M2P
4a2
Ω˙R˙0 − 3c
a2
(
H˙ − H2
)
+
3M¯31
2a3
(
3
˙¯M1
M1
(H˙ − H2) + H¨ − HH˙ −H3
)
+ 3
M¯22
a4
(
H˙ − H2
)2
(B7)
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